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AN UNUSUAL IDENTITY FOR ODD-POWERS 
PETRO KOLOSOV 


ABSTRACT. In this manuscript we provide a new polynomial pattern. This pattern allows 
to find a polynomial expansion of the form 


xz m 


gamti = x a Amrk" (x _ k)", 


k=1 r=0 
where z,m € N and A,,,,, is real coefficient. 


1. INTRODUCTION AND MAIN RESULTS 


We begin our mathematical journey from investigation of the pattern in terms of finite 
differences A of cubes x3. Consider the table of finite differences A of the polynomial x? 


| Ai) AM) AGP) 
0} 0 I 6 6 

1}; 1 7 12 6 

2] 8 19 18 6 

Oo} 27 37 24 6 

4] 64 61 30 6 
5}125 91 36 

6/216 127 

7 | 348 


Table 1. Table of finite differences A of x? 


It is easy to observe that finite differences A of polynomial x? may be expressed according 
to the pattern 


A(0°) =1+6-0 

A(1?) =1+6-0+6-1 

A(2°) =1+6-0+6-1+6-2 

A(3°) =1+6-0+6-1+6-2+6-3 

A(z?) =1+6-0+6-1+6-2+6-34 + 6-2 
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Furthermore, the polynomial «° turns into 
a? = (1+6-0)+(1+6-04+6-1)+(1+6-04+6-1+6-2)+4--- 
+(1+6-0+6-1+6-2+---+6-(z#-1)) 
If we compact above expression, we get 


ee =a2+(x—0)-6-04+(¢-1)-6-14+ (4—2)-6-24+--- +(x—-—(2—-1))-6-(x—-1) 


Therefore, we can consider x® as 
z—1 x 
w= 5° 6k(e—k)+1= 5° 6k(a—k) +1 
k=0 k=1 


since that term k(x — k) is symmetrical over x for k = 0,1,..,2. Now we can assume that 
>>, 6k(a — k) +1 has the implicit form as 


x = S > Aik! (a —k)! + Arok(ax — k)°, 
k 


where Ay; = 6,A;9 = 1. The main problem we meet is to generalize above pattern for 
some power t > 3. Let be a conjecture 


Conjecture 1.1. For every m € N there are exist Amo, Am, +; Amm such that 
gent _ . Amok°(x — k)° + Ama(a — k)' + Amak?(x — k)? +++ + Ammk™ (x — k)™. 
k=1 
Consider the case m = 1 
oS > Ai ik'(a — k)' + Ay ok? (x — k)° 
k=1 
We evaluate the coefficients Ajo, Ai as follows 


x = iy Ayaka = Ayik? + Aio 


k=1 
w=Ayey k-Ai yd B+) Aro 
k=1 k=1 k=1 


Furthermore, by means of Faulhaber’s formula [1] we collapse the sums 


ge+ eg rm oy? or  & 


c= Aix = £X41,1 Ai oz 
32° + 32? Dy? 439" dg 
a = Ars = Aad + Aj ox 
6 6 
3 
2 = re 6 a + Aj ox 


Multiply both part by 6 and moving 62? to the left part gives 
Aix? = Aix + 6A4 0x = 6x? = 0 
x (Ait = 6) + x(6Ai9 = Aji) =0 
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Since that « > 1 we have to solve the following system of equations 

Aji = 6 = 0 

6A1 0 —= Aui a 0 
Which gives A; = 6 and A; 9 = 1. Therefore, 

a? = S° 6k(x —k)+1. 
k=1 
Consider the case m = 2. Let be 
x = S > Aook?(a — k)? + Aoik(a — k) + Ago 
k=1 


As above, we replace the sums by means of Faulhaber’s formula [1] 
A» aE” = A» 2u + 380A» ov Ao (oe = Ao 1v 5 
SE ee = 0 
30 6 
Agox” — Agot + 30Ag 92 + 5 Ag 12® — 5Ag12 — 302° = 0 


Substituting x = 1 we get 30A20 — 30 = 0, hence Ago = 1. Moving z out of the braces we 
get 


r(Ag» — 30) + 5Agi 2" = «(Ag» = 30A26 + 5A 1) =0 


It produces the following system of equations 


Ao» — 30 = 0 
Ao» = 30A20 + 5Agi = 0 


Which leads to the conclusion Ag2 = 30,A2; = 0,A9 = 1. Finally, we get another 
polynomial identity 


x’ =) 30k (a — k)? +1. 
k=1 


Theorem 1.2. For every x,m € N there are Amo, Ama,-.--,Amm, Such that 


gett = 3 S Anil _ k)", 


k=1 r=0 


where Am, is real coefficient. 
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Therefore, conjecture 1.1 is true. For m > 0 we have the following identities 


= 5 \6k(2 —k) +1 
k=1 
f= S 5 30k? (x —k)+1 
k=1 
a’ =) 140k3(a — k)? — 14k(@ —k) +1 
k=1 
x° =) | 630k*(x — k)* — 120k(z —k) +1 
k=1 
xl =} ° 2772k°(2 — k)° + 660k" (a — k)? — 1386k(a — k) +1 
k=1 


= S- 51480k° (x — k)" — 60060k?(x — k)? + 491400k? (a — k)? — 450054k(x2 — k) +1 


k=1 


Moreover, since that k(x — k) is symmetric over x, we can conclude that 


com z—-l m 
gra SS Ame G—k => Ang @=— ak) 
k=1 r=0 k=0 r=0 


Coefficients A,,, may be calculated recursively [2] as follows 


(2r + 1)(*), Le =m, 
A _4)d-1 . 
Ang = ar = 1) (*") aa Ama(o.¢. 1) — Boa-20 ra 7 <M, (1) 
0, iy <0 ory > Mm, 


where B; are Bernoulli numbers [3]. It is assumed that B,; = 4. Reader may found more 


information concerning coefficients A, in OEIS [4, 5]. To check formulas, use the Wolfram 
mathematica Package|6]. 
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